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Abstract
A simple pipi, K¯K, and ρρ(ωω) fully coupled channel model is proposed to
predict the isoscalar S-wave phase shifts and inelasticities for pipi scattering
in the 1.0 to 2.0 GeV region. The S-matrix is required to exhibit poles cor-
responding to the established isoscalar Jpi = 0+ resonances f0(975), f0(1400),
and f0(1710). A dominant feature of the experimental pipi inelasticity is the
clear opening of the K¯K channel near 1 GeV, and the opening of another
channel in the 1.4 - 1.5 GeV region. The success of our model in predicting
this observed dramatic energy dependence indicates that the effect of multi-
pion channels is adequately described by the pipi coupling to the K¯K channel,
∗Unite´ de Recherche des Universite´s Paris 11 et Paris 6 Associe´e au CNRS
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the ρρ(4pi) and ωω(6pi) channels.
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I. INTRODUCTION
In heavy ion collisions and in anti-nucleon physics many pions are produced in the
final state. Pion-pion scattering will therefore play an important role in the final state
interaction. Our knowledge of pipi scattering is incomplete, in particular above Mpipi ≈
1 GeV. The dynamics of pipi scattering is often described by effective meson-exchange in the
t-channel. However one may also consider the presence of many resonances in the s-channel,
that distinguishes pipi scattering from, for example, nucleon-nucleon scattering. For energies
larger than 1 GeV an additional aspect is its strong coupling to multi-pion channels, for
example, four and six pions.
Previous models for pipi scattering have been applied from threshold to 1.4 GeV. For
example separable potential models have been considered [1–3] in an approach in which the
major focus was to find the right combination of attraction and repulsion in the diagonal
pipi interaction, to describe the proper low energy behavior of pipi S-wave phase, and to
better understand the structure of the f0(975). More sophisticated one-meson exchange
models [4–6] have been used up to 2 GeV, also within the framework of coupling pipi and
K¯K channels.
We have concentrated our work in the energy region of 1.0 – 2.0 GeV, as one of our
interests is the study of final state interaction in p¯p → pipi annihilation [7], which requires
knowledge of pipi scattering in the 2 GeV energy range. Relevant experimental pipi phase
shifts and inelasticities were taken from the analysis by Hyams et al [8]. This group has
extracted a pion-pion scattering amplitude in the Mpipi = 1.02 - 1.78 GeV region from pion
production in pion-nucleon scattering. Two of their solutions and the low energy data from
Ref. [9,10] are plotted in Fig. 1. Note the rather strong energy dependence of the phase shift
and the inelasticity. We do not know of any higher energy data, so a model reproducing
the existing data is needed for an extrapolation to 2 GeV. We have redone the pipi and K¯K
coupled channel calculation of Refs. [1,2] up to 2 GeV. We confirm their calculation, but
note that above 1.4 GeV the prediction fails to reproduce the data as can be seen in Fig. 1.
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The dashed curve represents set 2 of Table 1 of Ref. [1] and the solid curve set 2 of Table 2
of Ref. [2]. The lack of agreement shows the necessity to introduce more channels.
In view of the presence of an extensive set of resonances in pipi scattering, we have opted
in this paper for a separable potential model similar to that of Refs. [1–3]. In the energy
range of 1.0 - 2.0 GeV the dominant channels are pipi, K¯K, ρρ, and ωω. Within our model,
as no spin effects have been taken into account, the ρρ and ωω channels can be described
by a single effective channel, e.g. ρρ. The existing S-wave resonances that couple strongly
to the pipi channel are the f0(975), f0(1400), and f0(1710). We impose the condition that the
scattering matrix should have poles at the corresponding complex energies.
Section II describes the model and shows the analytic expression of the S-matrix. Sec-
tion III lists the parameter values for which the pole conditions are satisfied and gives the
corresponding phase shifts and inelasticities. Discussion of the results follows in section IV.
II. MODEL
As in Ref. [3] we consider three channels but, in contrast with that work, all channels
are completely coupled giving a different expression for the pipi S-matrix. Our method of
derivation follows closely that of Ref. [1]. We describe briefly how to obtain the scattering
matrix. The three reduced Schro¨dinger equations take the form
− u”i (r) +
3∑
l=1
Iil(r) = k
2
i ui(r). (1)
Here the relative momenta, ki, in the i
th channel, are related by the kinematic condition
1
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M2pipi = k
2
1 +m
2
1 = k
2
2 +m
2
2 = k
2
3 +m
2
3. (2)
Furthermore
Iil(r) = mir
∫
dr′r′Vil(r, r
′)ul(r
′). (3)
Here the channels i=1,2,3 correspond to pipi, K¯K, and ρρ respectively. We used m1=0.1396,
m2=0.4937 and m3=0.7680 GeV. We ignore the width of the ρ meson.
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The interaction in this coupled three-channel model with separable S-wave potentials is
described by a symmetric real 3x3 matrix of the form
Vij(r, r
′) =
λij
√
mimj
gi(r)gj(r
′). (4)
We choose the commonly used form factors
gi(r) = e
−βir/r. (5)
For the above potentials, solutions of the Eqs. 1 can be written as
ui(r) = ci
[
eikir + aie
−ikir − (1 + ai)e−βir
]
. (6)
For incoming pions in channel 1 a1 is non-zero, a2 = a3 = 0 and the S-matrix element for
pipi → pipi is
S11 = −
1
a1
. (7)
The integrals Iil(r) can be done analytically and the coupled Schro¨dinger equations lead to
three algebraic equations with unknowns c2/c1, c3/c1 and a1. One obtains
S11 = D(−k1, k2, k3)/D(k1, k2, k3), (8)
where D is the Jost function
D(k1, k2, k3) = [(R1 + Λ1)(R2 + Λ2)(R3 + Λ3)− Λ212(R3 + Λ3)− Λ213(R2 + Λ2)
−Λ223(R1 + Λ1) + 2Λ12Λ13Λ23]/(R1R2R3). (9)
Here, because of the special form factors of Eq.5,
Ri = (1− iki/βi)2. (10)
The quantities Λi = λii/(2β
3
1), and Λ
2
ij = λ
2
ij/(4β
3
i β
3
j ) are renormalized dimensionless cou-
plings.
We now require the S-matrix to have poles at the known Jpi = 0+ resonances f0(975),
f0(1400), and f0(1710). There are three range parameters βi, and six couplings λij. The
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three poles are then chosen at the complex energies, (ReMpipi, ImMpipi), respectively (0.975,
-0.0165), (1.400, -0.075), and (1.709, -0.350) GeV providing six constraints on the nine
parameters. The remaining freedom in the parameter space is narrowed down by the re-
quirement that all off-diagonal couplings must be real.
III. RESULTS
We present the values of the nine parameters and the corresponding values of the pipi
phase shifts, δ, and inelasticities, η, as a function of total energy, Mpipi, following the con-
ventional parameterization of the scattering matrix element S11 = η e
2iδ. Several sets of
parameter values are given in Table 1. All solutions for the parameters share the feature
that the interaction in the pipi channel is repulsive and the interactions in the K¯K and ρρ
channels are mainly attractive. The form factors in the pipi and ρρ channels are relatively
long ranged, while for the K¯K channel the form factor can be either short or long ranged.
The resulting δ and η, corresponding to the second (solid line) and fourth (dashed line)
sets of parameters of Table 1, are given in Fig. 2. As expected, the energy dependence of
the inelasticity is closely related to the opening of the K¯K and ρρ channels (see Fig. 2.).
This is also clearly seen from the band of solutions for η representing the entire Table 1,
shown in Fig. 3. The exact value of η is very sensitive to the model parameters, in particular
β3 and the corresponding coupling λ13 of the pipi and ρρ channels. The values of the phase
shifts are far less sensitive to the choice of parameters. Again this is seen from the spread
of solutions for δ shown in Fig. 3. The phase shift is about 180 degrees at the opening of
the K¯K channel and approximately 400 degrees at the opening of the ρρ channel.
IV. DISCUSSION AND CONCLUSION
Comparing with experimental analysis, we find the best agreement with the solution set
(– – –) and set (++–) of Ref. [8]. The authors of that work preferred set (– – –) at the time
of their analysis. We note that the data point for δ in their (– – –) set at the highest energy
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could be increased by 180 degrees, which would be consistent with the sharp rise in the
(++–) data set. The global agreement of the predicted inelasticity in this simple model for
several parameter sets of Table 1 is remarkable (see Fig. 3.), even with the wide scatter of
the experimental data.
The overall behaviour of the inelasticity is determined by the opening of the higher
channels, i.e. the branch cut structure of the S-matrix. The ρρ-branch cut begins at Mpipi =
2 mρ = 1.536 GeV and that of ωω at Mpipi = 2 mω = 1.564 GeV. Our model, which contains
a realistic ρρ branch cut at Mpipi = 1.536 GeV, shows that the inelasticity starts to decrease
sharply at about 1.4 GeV. The experimental data exhibit a very similar behaviour. The
data does not show any sign of a specific 4pi-branch cut near 0.558 GeV or 6pi-branch cut
near 0.837 GeV. This indicates that the production of four and six pions occurs mainly via
ρρ and ωω formation.
The behaviour of the phase shift is insensitive to modest variation of the ranges and
couplings. However, pipi phase shifts can be changed by modifying the position of the res-
onances, i.e. the pole structure of the S-matrix. For example, increasing the mass of the
third resonance to 1.900 GeV brings the phase shift into somewhat better agreement with
the data, and at the same time preserves the structure of the inelasticity. This is illustrated
in Fig. 4.
In conclusion, we have constructed a three-channel model which gives a reasonable de-
scription of the S-wave pipi scattering in the 1.0 - 1.7 GeV region. This has been accomplished
by requiring the S-matrix to have poles at the three known isoscalar 0+ resonances as well as
realistic branch cuts at the K¯K and ρρ(ωω) thresholds. Multi-pion channels are described
as effective ρρ and ωω channels. The model can be used to predict the S-wave pipi interac-
tion in the 2 GeV region which can play an important role in the study of the recently well
measured p¯p→ pipi process.
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FIGURES
FIG. 1. pipi phase shifts (in degrees) and inelasticities from various experimental analyses. Data
points (+) are from set (– – –) and data points (x) are from set (++–) of Ref. [8]. Solid points
below 0.6 GeV are data from Ref. [9] and earlier data referred to there. Solid points above 0.6 Gev
are from Ref [10]. The curves represent pipi phase shifts and inelasticities from previous two-channel
models [1,2]. Dashed curve has one term in the pipi and the K¯K channel, while the solid curve has
an additional attractive term in the pipi channel.
FIG. 2. pipi phase shifts and inelasticities from our three-channel model. Solid curve is the
prediction for parameter set 2, and dashed curve for set 4, of Table 1. Data are as in Fig. 1.
FIG. 3. Spread of pipi phase-shift and inelasticity solutions from three-channel model for all
parameter sets of Table 1.
FIG. 4. Spread of pipi phase-shift and inelasticity solutions from three-channel model where the
resonance at 1.709 GeV has been shifted to 1.900 GeV.
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TABLES
TABLE I. Model parameters (β in GeV).
β1 β2 β3 Λ1 Λ2 Λ3 Λ12 Λ13 Λ23
0.175 0.250 0.225 17.80 0.588 -5.10 22.60 5.18 10.700
0.175 0.250 0.250 17.90 0.157 -4.20 21.60 7.48 6.750
0.175 0.250 0.275 18.00 -0.349 -3.50 20.00 9.86 3.140
0.175 0.250 0.300 18.60 -0.719 -3.20 16.30 12.40 0.687
0.150 0.400 0.200 23.60 -0.456 -4.70 15.40 17.50 4.530
0.150 0.400 0.250 23.90 -0.619 -3.60 14.80 15.70 2.030
0.150 0.400 0.300 24.40 -0.699 -3.10 14.00 14.00 1.000
0.150 0.400 0.350 24.80 -0.791 -2.70 13.40 12.60 0.384
0.150 0.400 0.200 23.60 -0.456 -4.70 15.40 17.50 4.530
0.150 0.700 0.200 25.20 -0.897 -4.70 6.89 31.80 0.442
0.150 1.000 0.200 26.00 -0.944 -4.90 4.51 34.30 0.090
0.150 1.500 0.200 26.70 -0.963 -5.10 2.91 35.00 0.017
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